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1 Introduction

1.1 Notations

1.1.1. Motivated by the growing interest in the formalization of mathematics within the mathemati-
cal community, we adopt a style of notation inspired by type theory throughout this report, without
committing to type-theoretic foundations. The symbols below denote types and/or categories,
depending on your philosophical inclination. The notation X : T means that X is a term of type T
or an object of the category T.

Set Sets
Setfin Finite sets
Top Topological spaces

Open(T) Open subsets of T : Top
Grp Groups

Grpfin Finite groups
Grptop Topological groups
Grppro Profinite groups
Ring Rings (associative, unital, not necessarily commutative)

Ringtop Topological rings
Field Fields
Algk Commutative unital algebras over k : Field

ModR Left modules over R : Ring
Modtop

R Topological left modules over R : Ringtop

Vectk Vector spaces over k : Field
Vectfin

k Finite-dimensional vector spaces over k : Field
RepΛ(G) Continuous Λ-linear representations of G : Grptop, where Λ : Ringtop

Repfin
Λ (G) Continuous Λ-linear representations of G : Grptop, where Λ : Ringtop, whose

underlying topological Λ-modules are finitely generated
Sch Schemes
SchS Schemes over a base scheme S : Sch
Vark Varieties over k : Field, i.e. integral separated schemes of finite type over k
Curvk Curves over k : Field, i.e. one-dimensional varieties over k

Curvsm
k Smooth curves over k : Field

ManC Complex manifolds
Riem Riemann surfaces, i.e. connected one-dimensional complex manifolds
Site Sites, i.e. categories equipped with Grothendieck topologies

Sh(X, A) Sheaves on X : Site with values in a category A admitting small limits
Db(A) Bounded derived objects of an abelian category A
X → Y Morphisms from X : T to Y : T
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1.2 Acknowledgements
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1.3 Motivations

1.3.1. Monodromy groups are interesting mathematical objects that arise naturally in both geometric
and arithmetic contexts. Roughly speaking, they describe how locally defined data change when
transported along a loop. Controlling and understanding monodromy groups has been a central
theme in both of these worlds, with significant applications.

1.3.2. The goal of this report is to provide an exposition on monodromy groups as well as ways
to study them using methods from perverse sheaves and their middle convolution introduced by
Katz [Kat96], especially in the ℓ-adic arithmetic context.

1.3.3. Consider the equation
z(u)2 = u (1.3.3.1)

for the unknown holomorphic function z : V → C×, where V : Open(C×) and u : V is the
independent variable. Fix a base point u0 : C× and choose z0 : C× with z2

0 = u0. On a sufficiently
small disc V containing u0, the equation has two holomorphic solution branches z+(u) =

√
u and

z−(u) = −
√

u with z+(u0) = z0 and z−(u0) = −z0. Move u once around 0 along the loop

γ : [0, 1]→ C×, t 7→ u0e2πit.

Along this loop, the values of the two solution branches vary continuously as γ̃+(t) = z0eπit and
γ̃−(t) = −z0eπit, until they eventually swap places at t = 1. In other words, there is a permutation
representation of the fundamental group1 π

top
1 (C×, u0) ∼= Z : Grptop

ρ : π
top
1 (C×, u0)→ AutSet({[z+]u0 , [z−]u0}), n 7→

(
[z+]u0 [z−]u0

)n.

We call this representation the permutation monodromy representation, and we call its image, isomor-
phic to S2, the permutation monodromy group, of the equation (1.3.3.1) at u0.

1.3.4. We reformulate the above with sheaves. Consider the covering

f : C× → C×, ζ 7→ ζ2.

Let F : Sh(C×, Set) be its sheaf of holomorphic sections. Equivalently, this is the sheaf of solutions
to the equation (1.3.3.1),

F (V) = {z : V → C× | z holomorphic and ( f ◦ z)|V = idV}
= {z : V → C× | z holomorphic and z(u)2 = u for every u : V}.

1with the discrete topology
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As in 1.3.3, on a sufficiently small disc V containing u0, the sections are precisely the two holomor-
phic solution branches z+ and z−, identifying

F|V ∼= {+,−}
V

.

Hence F is locally constant, with stalk at u0

Fu0 = {[z+]u0 , [z−]u0} ∼= f−1(u0)

identified by evaluation. However, the sheaf is not constant: F (C×) = ∅. A global section would
determine a germ at u0 fixed by all monodromy at u0, whereas transport once around 0 exchanges
the two square-root germs, as demonstrated in 1.3.3. Locally constant (but not necessarily constant)
sheaves of sets, such as this, are known as local systems of sets.

1.3.5. For a path γ : [0, 1] → C× from u0 = γ(0) to u1 = γ(1) and a point ζ : f−1(u0) in the fibre,
let γ̃ζ be the unique lift through f satisfying γ̃ζ(0) = ζ. We have the transport map

Tγ : Fu0

∼−→ Fu1 , ζ 7−→ γ̃ζ(1).

with the evaluation identifications Fu ∼= f−1(u). Thus we obtain a transport functor2

T : Π1(C
×) −→ Set, u 7−→ Fu, [γ] 7−→ Tγ.

Restricting transport to loops at u0 gives the permutation monodromy representation of F at u0,
the same permutation monodromy representation as in 1.3.3

ρF ,u0 : π
top
1 (C×, u0)→ AutSet(Fu0), [γ] 7→ Tγ.

1.3.6. In § 2, we will see how to upgrade permutation monodromy representations into linear
monodromy representations, which we will just call monodromy representations. Moreover, one
can use this machinery to talk about monodromy in the ℓ-adic arithmetic context, by replacing
π

top
1 with the étale fundamental group πét

1 . When U = Spec(k) for some k : Field, with a choice
of separable closure ksep, then π1(U, u0) = Gal(ksep/k), where u0 = Spec(ksep), is the absolute
Galois group of k. Hence, a monodromy representation at u0 in this case degenerates into a Galois
representation, a ubiquitous arithmetic object.

2 Local Systems

2.1 Complex Local Systems

2.1.1. We have looked at permutation monodromy, but permutation actions do not capture all the
situations we wish to study, since a lot of times in nature we encounter actions on vector spaces
instead of sets. For example, instead of an algebraic equation like the one in 1.3.3, we consider a
differential equation, which is known as Gauss’s hypergeometric equation

u(1− u)
d2z
du2 +

(
c− (a + b + 1)u

)dz
du
− abz = 0 (2.1.1.1)

2Here Π1(X) denotes the fundamental groupoid of some X : Top, that is, the category whose objects are points of X
and whose morphisms are homotopy classes of paths relative to their endpoints, with concatenation as composition.
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where a, b, c : C are fixed parameters and z : V → C is an unknown holomorphic function, with
V : Open(U), U = Ĉ \ {0, 1, ∞}, and independent variable u : V. We then define the sheaf of
solutions to this equation F : Sh(U, VectC)

F (V) = {z : V → C | z holomorphic and satisfies (2.1.1.1) on V} .

This is a sheaf of vector spaces since (2.1.1.1) is a homogeneous linear differential equation. For
each u0 : U, the existence-and-uniqueness theorem [HTT08, Theorem 4.3.1] gives a sufficiently
small open disc V : Open(U) containing u0 and an isomorphism of sheaves

F|V
∼−→ C2

V

Thus F is locally constant of rank 2. We call such a sheaf a complex local system of rank 2.

2.1.2 Definition. (Complex Local System) Let U : ManC be connected. A complex local system on U
is a locally constant sheaf F : Sh(U, VectC) with finite-dimensional stalks. Explicitly, every u : U
has an open neighbourhood V : Open(U) and an isomorphism

φV : F|V
∼−→ Cn

V

called a local trivialization at u, for some n : N called the rank of F . Denote by LocSysC(U) the
(symmetric monoidal C-linear) category of complex local systems on U.

2.1.3 Definition. (Transport) Let F be a complex local system of rank n on a connected U : ManC.
We define the transport functor using analytic continuation

T : Π1(U)→ Vectfin
C , u 7→ Fu, [γ] 7→ Tγ.

where the transport map Tγ : Fγ(0)
∼−→ Fγ(1) for a path γ : [0, 1] → U is defined as follows. By

compactness of closed intervals, we can choose a subdivision 0 = t0 < · · · < tN = 1 and open sets
Vi : Open(U) containing γ([ti−1, ti]), with local trivializations

φi : F|Vi

∼−→ Cn
Vi

.

Put vi = γ(ti) for each i = 0, . . . , N, then the trivializations induce stalk isomorphisms φi,vi : Fvi

∼−→
Cn. The transport map along γ is then defined as the composite

Tγ =
(

φ−1
N,vN
◦ φN,vN−1

)
◦ · · · ◦

(
φ−1

1,v1
◦ φ1,v0

)
: Fγ(0)

∼−→ Fγ(1).

which is independent of the subdivision and trivializations and depends only on the homotopy
class of γ relative to its endpoints, by monodromy theorem [Sch11, Lemma 7.2.7].

2.1.4 Definition. (Monodromy) Let F be a complex local system of rank n on a connected U :
ManC, and fix a base point u0 : U. Restricting its transport functor to loops at u0 gives the monodromy
representation of F at u0

ρF ,u0 : π
top
1 (U, u0)→ AutVectC

(Fu0), [γ] 7→ Tγ,

whose image is the monodromy group of F at u0.
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2.1.5. Like in 1.3.4, F is also a sheaf of sections of a cover. The espace étalé of U is

Ét(U) := ⨿
u∈U
Fu : ManC

with topology generated by sets s̃(V) = {(u, su) : u : V} for V : Open(U) and s : F (V). Each basic
open s̃(V) is identified with V by (u, su) 7→ u, so the complex charts of U pull back to a compatible
complex atlas on Ét(U).3 Its associated covering map

f : Ét(U)→ U, (u, ξ) 7→ u

is the analogue of the double cover in 1.3.4, and its sheaf of sections recovers F . Analytic contin-
uation on U is equivalent to path lifting to the espace étalé, so the transport can also be defined
equivalently via path lifting, such as in 1.3.5.

2.1.6. In the other direction, if we are given a representation

ρ : π
top
1 (U, u0)→ AutVectC

(W)

for some connected U : ManC, base point u0 : U and W : Vectfin
C of dimension n, we can recover a

local system F of rank n on U whose monodromy representation is ρ by the following way. Pick a
universal cover q : Ũ → U and a basepoint lift ũ0 : q−1(u0). Define a right π

top
1 (U, u0) action on

Ũ ×Wdisc, where Wdisc has the discrete topology, by

(ũ, w) · g = (ũ · g, ρ(g)−1w).

where ũ · g is the action by the deck transformation determined by ũ0. Form the orbit space

Eρ = (Ũ ×Wdisc)/π
top
1 (U, u0)

We note that Eρ inherits a complex structure induced by its associated covering

fρ : Eρ → U, [ũ, w] 7→ q(ũ)

for which it is a local biholomorphism i.e. étale cover. These recover the espace étalé of our desired
local system and its associated cover. Therefore, we can take its sheaf of sections Fρ to obtain our
desired local system, where for each V : Open(U)

Fρ(V) = {s : V → Eρ | s holomorphic4 and ( fρ ◦ s)|V = idV}

∼=
{

a : q−1(V)→Wdisc

∣∣∣∣ a locally constant,
a(ũ · g) = ρ(g)−1a(ũ)

}
.

where the last identification is given by s(q(ũ)) = [ũ, a(ũ)] for every ũ : q−1(V).

2.1.7. From 2.1.6, we see that for each U : ManC and u0 : U, there are symmetric monoidal C-linear
equivalences of categories [Mac90, § 7.2]

LocSysC(U) ≃⊗ Repfin
C

(
π

top
1 (U, u0)

)
.

3Throughout this report, complex manifolds are not required to be second-countable. In particular, the espace étalé of a
positive-rank complex local system has uncountable discrete fibres and hence is not second-countable.

4Continuity alone suffices: since fρ is a local biholomorphism, every continuous section is locally a holomorphic
inverse of fρ, and hence is holomorphic.
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2.1.8 Example. (Local Systems from Complex Families) A rich source of local systems is smooth
and proper families. Let

f : E→ U

be a smooth proper map between complex manifolds. The fibres Eu0 := f−1(u0) at u0 : U are
compact complex manifolds. The higher direct image sheaves

Rq f∗C

are complex local systems for each q : N by Ehresmann’s fibration theorem [Voi02, Theorem 9.3].
Explicitly, at u0 : U, there exists open neighborhood V : Open(U) of u0 with

Rq f∗C|V ∼= Hq(Eu0 , C)
V

In particular on the level of stalks
(
Rq f∗C

)
u0
∼= Hq(Eu0 , C).

2.2 ℓ-adic Local Systems: Lisse Sheaves

2.2.1. We now develop the ℓ-adic analogues of the constructions in § 2.1.

2.2.2. In number theory, ℓ-adic Galois representations are ubiquitous and encode a lot of intricate
arithmetic information. Let E : Curvsm

k be an elliptic curve over a field k : Field, recall that its Tate
module at a prime ℓ : N is the Zℓ[Γk]-module

Tℓ(E) = lim
←−

E[ℓn]

where Γk = Gal(ksep/k). In other words, it is an (continuous) ℓ-adic Galois representation

ρE,ℓ : Γk → AutZℓ
(Tℓ(E))

Theorems of Faltings and Zarhin–Mori show that the rationalized Tate module

Vℓ(E) := Tℓ(E)⊗Zℓ
Qℓ

as a Qℓ[Γk]-module determines the elliptic curve up to k-isogeny, assuming k is finitely generated
over its prime field [Fal83, Zar76, Mor78]. In addition, the Tate module also contains information
about reduction types (c.f. Néron–Ogg–Shafarevich criterion [Sil09, Theorem VII.7.1] and Serre–Tate
theorem [ST68, Theorem 1]), endomorphisms (c.f. Tate’s theorem [Tat66, Main Theorem]), point
counts over finite fields (c.f. Grothendieck–Lefschetz trace formula [Mil13, Theorem 29.4]), etc.

2.2.3 Notation. We use the following notation:

k : Field A field
U : SchSpec(k) A Noetherian scheme over k
ℓ : N A prime with ℓ ̸= char(k)

Λ : Ringtop One of Zℓ, Qℓ, or Z/ℓnZ for n : N

Uét : Site The small étale site of U

2.2.4 Definition. (Mod-ℓn Sheaf) For each n : N, a mod-ℓn sheaf on U is a sheaf of Z/ℓnZ-modules
on Uét. Denote their (symmetric monoidal Z/ℓnZ-linear) category as

Sh(U, Z/ℓnZ) := Sh(Uét, ModZ/ℓnZ).

A mod-ℓn sheaf is lisse if it is locally constant with finite geometric stalks. We denote by LocSysZ/ℓnZ(U)
the (symmetric monoidal Z/ℓnZ-linear) full subcategory of lisse sheaves.
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2.2.5 Definition. (ℓ-adic Sheaf) An (integral) ℓ-adic sheaf on U is a family F of sheaves

Fn : Sh(U, Z/ℓnZ)

equipped with maps rn : Fn+1 → Fn in Sh(U, Z/ℓn+1Z), such that

rn : Fn+1/ℓnFn+1
∼−→ Fn

factoring through rn is an isomorphism in Sh(U, Z/ℓn+1Z), for each n : N. We say that F is lisse if
eachFn is lisse. Denote by Sh(U, Zℓ) the (symmetric monoidal Zℓ-linear) category of ℓ-adic sheaves
on U, and LocSysZℓ

(U) the (symmetric monoidal Zℓ-linear) full subcategory of lisse sheaves.

2.2.6 Definition. (Rational ℓ-adic Sheaf) Define the category of rational ℓ-adic sheaves on U, denoted
Sh(U, Qℓ), as the (symmetric monoidal Qℓ-linear) category where the objects are the same as
Sh(U, Zℓ) but the morphisms between two objects F ,G : Sh(U, Qℓ) are

HomSh(U,Qℓ)(F ,G) := HomSh(U,Zℓ)(F ,G)⊗Zℓ
Qℓ

considered as tensoring of Zℓ-modules. An object of this category is a rational ℓ-adic sheaf on U.
There is a canonical functor called rationalization

(−)Qℓ
= (−)⊗Zℓ

Qℓ : Sh(U, Zℓ)→ Sh(U, Qℓ), F 7→ F , f 7→ f ⊗ 1.

A rational ℓ-adic sheaf F on U is lisse if there exists a lisse integral ℓ-adic sheaf L and an isomor-
phism F ∼= L⊗Zℓ

Qℓ. Denote by LocSysQℓ
(U) the (symmetric monoidal Qℓ-linear) full subcategory

of lisse sheaves of Sh(U, Qℓ).

2.2.7. Unfortunately a lot of usual sheaf theoretic constructions do not work for integral and
rational ℓ-adic sheaves and require corrections, see Appendix A.1. However, we note that Bhatt
and Scholze [BS15] have developed the framework of pro-étale sites, allowing ℓ-adic sheaves to be
considered as bona fide sheaves on the pro-étale site Upro-ét, which removes most of the clunkiness
we had to deal with in the classical setting. For this report, we stick with the classical setting.

2.2.8. Recall the étale fundamental group of a connected U at geometric base point u0 : Spec(Ω)→
U is the profinite group defined by the inverse limit

πét
1 (U, u0) := lim←−

(X,x0)→(U,u0)

AutU(X) : Grppro

where the limit is taken over connected finite étale Galois covers X → U with x0 a lift of u0, and the
transition map φ : AutU(Y)→ AutU(X) for a pointed map h : (Y, y0)→ (X, x0) between conneced
finite étale Galois covers is given by h ◦ σ = φ(σ) ◦ h, for σ : AutU(Y).

2.2.9. Alternatively, one can construct the étale fundamental group via the fibre functor

ωu0 : Étfin
(U)→ Setfin, E 7→ HomU(Spec(Ω), E)

where Étfin
(U) is the category of finite étale covers X → U with morphisms over U. We can then

construct the étale fundamental group as

πét
1 (U, u0) = Aut(ωu0) : Grppro
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with topology given by the subspace topology induced by

πét
1 (U, u0) ↪→ ∏

E : Étfin
(U)

Sym(ωu0(E))

where each symmetric group is given the discrete topology.

2.2.10. Just as in 2.1.7, for connected U and a geometric base point u0 : Spec(Ω)→ U, we have a
symmetric monoidal Λ-linear equivalence of categories

LocSysΛ(U) ≃⊗ Repfin
Λ
(
πét

1 (U, u0)
)

If Λ is Qℓ or Fℓ, the algebraic monodromy group of a lisse sheaf F at u0 is the Zariski closure of the
image of its associated representation GF := ρF ,u0(π

ét
1 (U, u0))Zar.

2.2.11. We remark that in the context of the p-adic analogue of lisse ℓ-adic sheaves, where mon-
odromy representations are unavailable, Tannakian formalism (see Appendix A.5) is required to
define algebraic monodromy groups; c.f. [Cre92, §2].

2.2.12. Let Λ = Z/ℓnZ for n : N, and F : LocSysΛ(U). Let E → U be the finite étale cover
representing the underlying sheaf of sets of F , we have a (continuous) representation

ρF : πét
1 (U, u0)→ AutModΛ(Fu0)

with the action by σ : πét
1 (U, u0) induced by

σE : ωu0(E)→ ωu0(E)

under the canonical identification

Fu0 = lim−→
q : V→U étale

v : Spec(Ω)→V geo. pt.
q ◦ v= u0

F (V)
∼−−→ ωu0(E), [(V, v), s] 7→ s ◦ v

where (s : V → E) : HomU(V, E) = F (V) is representing a section.

2.2.13. Conversely, given a (continuous) representation in Repfin
Λ (πét

1 (U, u0))

ρ : πét
1 (U, u0)→ AutModΛ(M)

Let N = Ker(ρ), which is open by continuity, so G = πét
1 (U, u0)/N is finite and ρ factorizes

πét
1 (U, u0) ↠ G

ρ−−→ AutModΛ(M).

By Grothendieck’s Galois theory (see Appendix A.2), the πét
1 (U, u0)-set G corresponds to a finite

étale cover f : Y → U with ωu0(Y) ∼= G as πét
1 (U, u0)-sets. By the identification we have a free

transitive right G-action on ωu0(Y) equivariant with the πét
1 (U, u0)-action. By Grothendieck’s

Galois theory, this corresponds to a deck transformation of Y transitive and free on each geometric
fibre, which makes Y an étale G-torsor. By finiteness of M, set MU := (⨿m : M U → U) : SchU and
form the space called the contracted product

Eρ := Y×G M := (Y×U MU)
/

G ∼=
(

⨿
m : M

Y

)/
G

9



where G acts by (y, m) · g = (yg, ρ(g)−1m). There is a unique map p : Eρ → U factoring through
the G-invariant composite map

Eρ

Y×U MU Y U

pq

prY f

where q is the quotient map. Thus we found a finite étale cover

(Eρ
p−−→ U) : Étfin

(U)

Moreover, the module operations on M are G-equivariant and descend to addition, zero, and
scalar-multiplication morphisms over U, making Eρ a Λ-module scheme over U. By taking its sheaf
of sections

Fρ(V) := HomU(V, Eρ) = {s : V → Eρ | p ◦ s = q} : ModΛ,

for q : V → U étale, we obtain our desired lisse sheafFρ : LocSysΛ(U). To see thatFρ is étale-locally
constant, note that pulling back by f : Y → U gives

Fρ|Y ∼= f ∗Fρ
∼= HomY(−, Y×U Eρ) ∼= HomY

(
−, ⨿

m : M
Y

)
∼= MY.

2.2.14. The case for Λ = Zℓ is achieved by applying the construction for Λ = Z/ℓnZ and
assembling each n : N, and the case for Λ = Qℓ is by rationalizing, see A.1.3.1 and A.1.3.2.

2.2.15 Lisse Sheaves from Torsors. Given a finite group G : Grpfin, a finitely generated Λ-module
M : Modtop

Λ , a continuous representation ρ : G → AutΛ(M) with G given the discrete topology, and
a finite étale right G-torsor f : Y → U, we construct a local system Lρ : LocSysΛ(U) by following
the same procedure in 2.2.13, A.1.3.1, and A.1.3.2. For Λ = Z/ℓnZ, as in 2.2.13, form the cover

Eρ := Y×G M = (Y×U MU)
/

G
p−−→ U,

where MU := (⨿m : M U → U) : SchU and G acts by (y, m) · g = (yg, ρ(g)−1m), then take the sheaf
of sections to obtain the lisse sheaf

Lρ := HomU(−, Eρ) : LocSysΛ(U).

Assembling and rationalizing give the cases Λ = Zℓ (see A.1.4.1) and Λ = Qℓ (see A.1.4.2).

2.2.16 Example. We give some concrete examples of 2.2.15.

1. Let N : N be invertible in k, and assume that k contains all N-th roots of unity. Let Y =
U = Gm/k, G = µN(k), and the G-torsor f : Y → U by z 7→ zN with the right multiplication
action z · ζ = zζ for ζ : µN(k). Let K/Qℓ be a finite field extension, and let M = K if Λ = Qℓ,
M = OK if Λ = Zℓ, and M = OK/ℓnOK if Λ = Z/ℓnZ. Choose a character χ : µN(k)→ M×;
then we get the representation

ρχ : G → AutΛ(M), ρχ(ζ)(m) := χ(ζ)m.

The lisse sheaf we obtain from these data, denoted Lχ, is the Kummer sheaf of χ.
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2. Assume positive characteristic char(k) = p ̸= ℓ. Let Y = U = Ga/k, G = Fp, and let
f : Y → U be the G-torsor z 7→ zp − z under the translation action z · a = z + a. Let K/Qℓ be
a finite field extension containing a primitive p-th root of unity, and let M = K if Λ = Qℓ,
M = OK if Λ = Zℓ, and M = OK/ℓnOK if Λ = Z/ℓnZ. Choose a (additive) character
ψ : Fp → M×; then we get the representation

ρψ : G → AutΛ(M), ρψ(a)(m) := ψ(a)m.

The lisse sheaf we obtain from these data, denoted Lψ, is the Artin–Schreier sheaf of ψ.

2.2.17 Example. A rich source of lisse sheaves is smooth proper families, as in 2.1.8. Let

f : E→ U

be a smooth proper morphism of k-schemes. The geometric fibres Eu0 := E×U Spec Ω at geometric
points u0 : Spec Ω→ U are smooth proper Ω-schemes. The higher direct image

Rq f∗ΛE

are lisse on U for each q : N by smooth proper base change [Mil13, Theorem 20.2 and §19], i.e. for
Λ = Z/ℓnZ, every geometric point u0 has an étale neighbourhood (V, v0) with

(Rq f∗ΛE)|V ∼= Hq
ét(Eu0 , Λ)

V
.

Proper base change identifies the geometric stalks as(
Rq f∗ΛE

)
u0
∼= Hq

ét(Eu0 , Λ).

3 Perverse Sheaves

3.1 Constructible Sheaves

3.1.1. We return to our example in 1.3.4 of the double cover, but with the origin included

f : C→ C, z 7→ z2

Its sheaf of sections F : Sh(C, Set) is no longer a local system of sets due to the ramification at
0. Indeed the fibres at 0 have cardinality 1 where the fibres at a nonzero point have cardinality 2.
However, we can stratify the space C into

C = C× ⊔ {0}

Then F is a local system of sets when restricted to each stratum. This is essentially the idea behind
constructible sheaves, we want to allow sheaves that are not necessarily locally constant, but are
locally constant when restricted to each stratum of a stratification. This way, we can allow for mild
failures of local constancy such as ramification.

3.1.2 Notation. We use the following notation

k : Field A field
ℓ : N A prime with ℓ ̸= char(k)

11



Λ : Ringtop One of Zℓ, Qℓ, or Z/ℓnZ for n : N

X, Y : SchSpec(k) Separated schemes of finite type over k
π : X → Spec(k) The structure morphism of X
S : SchSpec(k) A finite reduced closed subscheme of X
i : S ↪→ X The closed inclusion map

m : N The number of ksep-valued points of S, m := #S(ksep)

U : SchSpec(k) The complementary open subscheme X \ S
j : U ↪→ X The open inclusion map

3.1.3 Definition. (Stratification) A stratification of X is a finite family of nonempty locally closed
subschemes iα : Xα ↪→ X indexed by α : I such that they are

1. disjoint: Xα ×X Xβ = ∅, for α, β : I with α ̸= β,

2. jointly surjective: the induced map ⨿α:I Xα → X is surjective.

3.1.4 Definition. (Algebraically Constructible Sheaves) A (algebraically) constructible sheaf on X
is a sheaf F : Sh(X, Λ) such that there exists a stratification iα : Xα → X indexed by α : I with the
restriction F|Xα lisse for all α : I. Denote by Shc(X, Λ) the full subcategory of constructible sheaves.

3.1.5. Let U = C× and X = C. In the situation in 3.1.1, suppose we have F : LocSysΛ(U) that we
wish to extend to a constructible sheaf on the whole space X in the simplest way. One way to do so
is set the stalks at the singularities to be zero

(j!F )u ∼=
{
Fu, u ̸= 0,
0, u = 0,

u : C,

This is extension by zero, the compactly-supported pushforward of inclusion j : U ↪→ X.

3.1.6 Definition. (Compactly-supported Pushforward) Let f : X → Y be a morphism. For a
constructible sheaf F : Shc(X, Λ), we define the compactly-supported pushforward f!F : Shc(Y, Λ)
along f , for each coefficient Λ. For Λ = Z/ℓnZ, for each étale V → Y, set

( f!F )(V) :=
{

s : F (XV)

∣∣∣∣ supp(s) ↪→ XV
fV−→ V is proper

}
,

For integral and rational ℓ-adic sheaves, apply the usual corrections, see A.1.5.1. For an étale
morphism a : V → X of finite type, the compactly-supported sections of F over V are

Γc(V,F ) := Γ(Spec(k), (π ◦ a)!a∗F )
= {s : Γ(V, a∗F ) | supp(s) is proper over k} : ModΛ.

The compactly-supported cohomology are defined by

RΓc(V,F ) := Hq(RΓc(V,F )
)
.

for q : Z; c.f. [Stacks, Definition 63.12.1, Tag 0GJZ].
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3.1.7. Forgetting supports induces a natural morphism ([Stacks, Remark 63.9.5])

R f!K −→ R f∗K

for every K : Db
c (X, Λ), which is an isomorphism when f is proper.

3.1.8. There is a canonical short exact sequence for each constructible sheaf F : Shc(X, Λ)

0 −→ j! j∗F
ε−→ F η−→ i∗i∗F −→ 0,

where ε is the counit of j! ⊣ j∗ and η is the unit of i∗ ⊣ i∗ [Stacks, Tag 095L]. This exact sequence
yields the Euler–Poincaré and Grothendieck–Ogg–Shafarevich formulas stated in A.3.2 and A.3.3.

3.2 ℓ-adic Six-Functor Formalism

3.2.1 Notation. We use the following notation

k : Field A field
X, Y : SchSpec(k) Separated schemes of finite type over k

f : X → Y A morphism over k
π : X → Spec(k) The structure morphism of X
ℓ : N A prime with ℓ ̸= char(k)

Λ : Ringtop One of Fℓ or Qℓ

3.2.2. Denote by Db
c (X, Λ) the category of bounded constructible derived Λ-sheaves on X. We

describe in this section Grothendieck’s profound yoga of six functors, which are these functors
on Db

c (X, Λ). These are the pullback f ∗, derived pushforward R f∗, derived tensor product −⊗L
Λ

−, derived sheaf Hom RHomΛ(−,−), derived pushforward with proper support R f!, and the
exceptional pullback f !, which will be defined below.

3.2.3 Verdier Duality. The relative Verdier duality theorem, c.f. [SGA4III, Exp. XVIII, Theorem 3.1.4]
and [Kat96, §2.2.1], asserts that R f! admits a right adjoint,

f ! : Db
c (Y, Λ) −→ Db

c (X, Λ),

called the exceptional pullback, characterized by natural isomorphisms

HomDb
c (Y,Λ)(R f!K, L) ∼= HomDb

c (X,Λ)(K, f !L)

for each K : Db
c (X, Λ) and L : Db

c (Y, Λ). We can upgrade the adjunction to

RHomΛ(R f!K, L) ∼= R f∗RHomΛ(K, f !L),

replacing Hom-sets with internal Homs; c.f. [Stacks, Lemma 63.11.5].

3.2.4 Definition. (Verdier Dual) The dualizing complex of X is

ωX := π!Λ.

For K : Db
c (X, Λ), its Verdier dual is

DXK := RHomΛ(K, ωX).

This defines a contravariant functor on Db
c (X, Λ); c.f. [Kat96, §2.2.1].
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3.2.5. The Verdier duality functor is involutive: there is a natural isomorphism

K ∼−→ DXDXK

for every K : Db
c (X, Λ); c.f. [Kat96, §2.2.1].

3.2.6. Verdier duality exchanges the six functors in the following ways:

DY(R f∗K) ∼= R f!(DXK),
DY(R f!K) ∼= R f∗(DXK),

DX( f ∗M) ∼= f !(DY M),

DX( f ! M) ∼= f ∗(DY M),

DX(K⊗L
Λ L) ∼= RHomΛ(K, DX L),

DX
(
RHomΛ(K, L)

) ∼= K⊗L
Λ DX L,

for K, L : Db
c (X, Λ) and M : Db

c (Y, Λ). c.f. [Kat96, §2.1.2(4)–(5) and §2.2.1].

3.2.7. Therefore, there are three pairs of adjoints in the six functors.

Db
c (Y, Λ)

Db
c (X, Λ) Db

c (X, Λ)

f∗

R
f ∗

f !

R
f!

−⊗L
Λ K

RHomΛ(K,−)

⊣ ⊣

⊣

for each K : Db
c (X, Λ), where matching color arrows are Verdier duals.

3.2.8. Other properties in six functor formalism are recalled in Appendix A.4.

3.3 Middle Extension and Middle Convolution

3.3.1. The Riemann–Hilbert correspondence is a symmetric monoidal equivalence

Bun∇(X) ≃⊗ LocSysC(X),
(E ,∇) 7−→ ker∇

where X : ManC and Bun∇(X) is the category of finite-rank holomorphic vector bundles E equipped
with an integrable connection∇ : E → E ⊗Ω1

X. Perverse sheaves [BBD82] arose as a generalization
of the right hand side, from generalizing the left hand side to regular holonomic D-modules.

Modrh
DX
≃ Perv(X, C),

where Modrh
DX

denotes the category of regular holonomic left DX-modules and Perv(X, C) the
category of complex perverse sheaves. This generalization allows for singularities, as in 3.1.1.
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3.3.2 Notation. We use the following notation

k : Field A field
ℓ : N A prime with ℓ ̸= char(k)

Λ : Ringtop One of Fℓ or Qℓ

X, Y : SchSpec(k) Separated schemes of finite type over k
f : X → Y A morphism over k
S : SchSpec(k) A finite reduced closed subscheme of X
i : S ↪→ X The closed inclusion

U : SchSpec(k) The complementary open subscheme X \ S
j : U ↪→ X The open inclusion

3.3.3 Definition. (Perverse Sheaves) An object K : Db
c (X, Λ) is semiperverse if

dim SuppHn(K) ≤ −n for every n : Z,

It is perverse if both K and its Verdier dual DXK are semiperverse. The subcategories

pD≤0 :=
{

K : Db
c (X, Λ)

∣∣∣ K is semiperverse
}

,

pD≥0 :=
{

K : Db
c (X, Λ)

∣∣∣ DXK is semiperverse
}

form the middle perverse t-structure. Its heart Perv(X, Λ) := pD≤0 ∩ pD≥0 is the abelian category of
perverse sheaves; c.f. [Kat96, §2.3.1 and §2.3.1.1].

3.3.4 Example. (Punctual Sheaf) A constructible sheaf F : Shc(X, Λ) is punctual if we can choose
S and U such that the unit of the adjunction i∗ ⊣ i∗,

ηi
F : F −→ i∗i∗F ,

is an isomorphism. Equivalently, its support is a finite set of closed points. Viewed as a complex
concentrated in degree 0, it is perverse, i.e. F : Perv(X, Λ); c.f. [Kat96, §2.3.6].

3.3.5 Example. (Middle Extension Sheaf) Suppose X is a smooth geometrically connected curve.
A constructible sheaf F : Shc(X, Λ) is a middle extension sheaf if, we can choose S and U such that
the restriction j∗F is lisse and the unit of the adjunction j∗ ⊣ j∗,

η
j
F : F −→ j∗ j∗F ,

is an isomorphism. Here j∗ is ordinary direct image. Viewed as a complex concentrated in degree
−1, it is perverse i.e. F [1] : Perv(X, Λ). c.f. [Kat96, §2.0.3 and §2.3.6].

3.3.6 Middle Direct Image. For K : Perv(X, Λ) such that R f!K, R f∗K : Perv(Y, Λ), define

f!∗K := ImPerv(Y,Λ) (R f!K −→ R f∗K) ,

called the middle direct image, where the arrow is the forgetting supports from 3.1.7. This upgrades to
a functor f!∗ : Perv(X, Λ)→ Perv(Y, Λ) and commutes with Verdier duality: DY( f!∗K) ∼= f!∗(DXK).
If j is an affine open immersion, j!∗ is fully faithful; c.f. [Kat96, §2.3.3.1].
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3.3.7 Perverse Sheaves on a Smooth Curve. Suppose X is a smooth geometrically connected curve.
An object K : Db

c (X, Λ) is perverse if and only if

1. Hn(K) = 0 for n ̸= −1, 0;

2. H−1(K) has no nonzero punctual subsheaf;

3. H0(K) is punctual.

As a consequence, choose U such that j∗H−1(K) is lisse, then K admits a filtration

0 ⊆ Coker
(
H−1(K) −→ j∗ j∗H−1(K)

)
⊆ H−1(K)[1] ⊆ K,

in Perv(X, Λ). Its quotients are punctual, a (shifted) middle extension sheaf, and punctual.

3.3.8 External Tensor Products. Let pr1 : X ×k Y → X and pr2 : X ×k Y → Y be the projections.
The external tensor product is the bifunctor

⊠Λ : Db
c (X, Λ)×Db

c (Y, Λ) −→ Db
c (X×k Y, Λ),

(K, L) 7−→ K ⊠Λ L := pr∗1 K⊗L
Λ pr∗2 L.

It is exact in each variable, and there is a natural isomorphism

DX×kY(K ⊠Λ L) ∼= (DXK)⊠Λ (DY L).

c.f. [Kat96, §2.2.2].

3.3.9. Let a : A1
k ×k A1

k −→ A1
k be the addition morphism. For K, L : Db

c (A
1
k , Λ), recall

K ∗! L := Ra!(K ⊠Λ L),
K ∗∗ L := Ra∗(K ⊠Λ L).

is their !-convolution and ∗-convolution.

3.3.10 Middle Convolution. For K, L : Perv(A1
k , Λ) their middle convolution is

K ∗!∗ L := ImPerv(A1
k ,Λ) (K ∗! L −→ K ∗∗ L) = a!∗(K ⊠Λ L),

where we assume K ∗! L and K ∗∗ L are perverse; c.f. [Kat96, §2.6.2].

4 Monodromy in Arithmetic

4.1 Open Image Theorems in Arithmetic

4.1.1 Notation. We use the following notation:

k : Field A field
ℓ : N A prime with ℓ ̸= char(k)

A : Vark An abelian variety
g : N The dimension of A
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Γk : Grppro The absolute Galois group of k

4.1.2 Galois Representations arising from Abelian Varieties. Applying 2.2.17 to the structure
morphism f : A→ Spec(k) with q = 1 and Λ = Qℓ gives the lisse sheaf R1 f∗QℓA, whose geometric
stalk carries the 2g-dimensional Galois representation

ρ1
A,ℓ : Γk −→ AutQℓ

(
H1

ét(Aksep , Qℓ)
)
.

By a canonical Γk-equivariant identification H1
ét(Aksep , Qℓ) ∼= Vℓ(A)∨, this is precisely the dual of

the Tate module.

4.2 Middle Convolution with Kummer Sheaves

4.3 Big Monodromy of Hyperelliptic Curves
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Appendix

A.1 ℓ-adic Corrections

A.1.1 Artin–Rees Strictification

A.1.1.1. Many common sheaf constructions for integral ℓ-adic sheaves can be taken level-wise such
as pullbacks, direct sums, and tensor products, but unfortunately there are also many common
sheaf constructions that require corrections, since an operation could produce a family A that does
not satisfy

An+1/ℓnAn+1
∼= An

Whenever such a representative exists, we replace the family with an object that does satisfy this
condition and is isomorphic to it in the Artin–Rees category [SGA5, Exp. V]. Explicitly, we replace
A with A′ where

A′n = BN/ℓnBN , where Bn :=
⋂

m≥n
Im(Am −→ An),

for each n : N, with N : N sufficiently large, dependent on n. Constructions that require such
corrections include kernels, images, sheaf Hom, and duals.

A.1.1.2. Some constructions of integral ℓ-adic sheaves require taking inverse limits. For an integral
ℓ-adic sheaf F , these include:

Name Formula Assumptions

Geometric
stalks

Fu0 := lim←−
n
(Fn)u0 u0 : Spec(Ω)→ U

Ω : Field, separably closed

Sections Γ(V,F ) := lim←−
n

Γ(V,Fn) V : Uét

Sheaf
cohomology

Hq(U,F ) := lim←−
n

Hq(Uét,Fn) q : N

Morphism
modules

Hom(F ,G) ∼= lim←−
n

HomSh(U,Z/ℓnZ)(Fn,Gn) G : Sh(U, Zℓ)

A.1.2 Rationalization

Rational ℓ-adic sheaves require corrections by rationalizing the integral constructions. For a rational
ℓ-adic sheaf FQℓ

= F ⊗Zℓ
Qℓ with F an integral ℓ-adic sheaf, constructions of FQℓ

are usually done
by first applying the corresponding (corrected) constructions for F , and then rationalizing. For
example:

Name Formula Assumptions

Geometric
stalks

(FQℓ
)u0 := Fu0 ⊗Zℓ

Qℓ u0 : Spec(Ω)→ U
Ω : Field, separably closed

Sections Γ(V,FQℓ
) := Γ(V,F )⊗Zℓ

Qℓ V : Uét
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Name Formula Assumptions

Sheaf
cohomology

Hq(U,FQℓ
) := Hq(U,F )⊗Zℓ

Qℓ q : N

Kernel Ker( f ⊗ 1) := (Ker f )⊗Zℓ
Qℓ f : F → G in Sh(U, Zℓ)

Image Im( f ⊗ 1) := (Im f )⊗Zℓ
Qℓ f : F → G in Sh(U, Zℓ)

Cokernel Coker( f ⊗ 1) := (Coker f )⊗Zℓ
Qℓ f : F → G in Sh(U, Zℓ)

Coimage Coim( f ⊗ 1) := (Coim f )⊗Zℓ
Qℓ f : F → G in Sh(U, Zℓ)

Pullback g∗(FQℓ
) := (g∗F )Qℓ

g : V → U
V : SchSpec(k), Noetherian

Direct sum FQℓ
⊕ GQℓ

:= (F ⊕ G)Qℓ
G : Sh(U, Zℓ)

Tensor product FQℓ
⊗Qℓ
GQℓ

:= (F ⊗Zℓ
G)Qℓ

G : Sh(U, Zℓ)

Sheaf Hom HomQℓ
(FQℓ

,GQℓ
) := (HomZℓ

(F ,G))Qℓ
G : Sh(U, Zℓ)

Dual (FQℓ
)∨ := (F∨)Qℓ

F∨ := HomZℓ
(F , Zℓ)

A.1.3 Lisse Sheaves

A.1.3.1. Let Λ = Zℓ. Given a continuous representation

ρ : πét
1 (U, u0)→ AutZℓ

(M)

on a finitely generated Zℓ-module M : Modtop
Λ with its ℓ-adic topology, apply 2.2.13 to the induced

representations ρn on Mn := M/ℓn M for n ≥ 1, obtaining sheaves Fn. The reductions Mn+1 ↠ Mn
are equivariant, and, by Grothendieck’s Galois theory, they induce transition maps rn : Fn+1 → Fn
satisfying

Fn+1/ℓnFn+1
∼= Fn,

Thus we obtain the integral lisse ℓ-adic sheaf F . Conversely, for a lisse sheaf F , the stalk Fu0 has a
natural πét

1 (U, u0)-action by taking the πét
1 (U, u0)-action with the induce map on each level, and

assembling them together.

A.1.3.2. Let Λ = Qℓ. Given a continuous representation ρ : πét
1 (U, u0) → AutQℓ

(M) on a finite-
dimensional Qℓ-vector space M, choose a ρ-stable Zℓ-lattice L ⊂ M, which exists because the image
of ρ is compact [Ser92, Part II, Ch. IV, Appendix 1, Theorem 1]. Apply A.1.3.1 to the action on L,
obtaining an integral lisse sheaf FL, and set Fρ := FL ⊗Zℓ

Qℓ. Conversely, choose an integral lisse
model G of a rational lisse sheaf F ∼= G ⊗Zℓ

Qℓ. Extend the stalk action from A.1.3.1 by scalars:

Fu0 = Gu0 ⊗Zℓ
Qℓ, ρF (γ) := ρG(γ)⊗ idQℓ

.

A.1.4 Lisse Sheaves from Torsors

A.1.4.1. For Λ = Zℓ, as in A.1.3.1, apply the finite-coefficient construction to Mn := M/ℓn M with
its induced G-action to obtain Ln. The G-equivariant reductions Mn+1 ↠ Mn induce maps of
associated covers and hence transition maps rn : Ln+1 → Ln by composition of sections. These
satisfy Ln+1/ℓnLn+1

∼= Ln, giving Lρ : LocSysZℓ
(U).

19



A.1.4.2. For Λ = Qℓ, as in A.1.3.2, choose a G-stable Zℓ-lattice L ⊂ M and apply the integral
construction L to obtain LL, then rationalize: Lρ := LL ⊗Zℓ

Qℓ : LocSysQℓ
(U).

A.1.5 Compactly-supported Pushforward

A.1.5.1. For Λ = Zℓ, write F = (Fn)n : N and define f!F by applying A.1.1.1 to ( f!Fn)n : N. For
Λ = Qℓ, let L : Sh(X, Zℓ) with F ∼= L⊗Zℓ

Qℓ, and set f!F := ( f!L)⊗Zℓ
Qℓ.

A.2 Grothendieck’s Galois Theory

A.3 Euler Characteristics of Curves

A.3.1. We use the notation of 3.1.2.

A.3.2 Euler–Poincaré Formula. Let k = C and X a smooth projective connected curve of genus
g : N. For each F : Shc(Xan, C) with pullback L := (jan)∗F a local system of rank r : N, the then

χ(Xan,F ) = r(2− 2g−m) + ∑
s∈S(C)

dimC Fs.

where Fs denotes the stalk at s. If F = (jan)∗L, then

Fs ∼= Ker(Ts − idLus
) = {v : Lus | Ts(v) = v}

is the space of local monodromy invariants, where us lies in a sufficiently small punctured disc
around s and Ts is the monodromy around s based at us; c.f. [Kat96, §1.0.2 and proof of Theo-
rem 1.1.2]. The arithmetic analogue is the Grothendieck–Ogg–Shafarevich formula.

A.3.3 Grothendieck–Ogg–Shafarevich Formula. Assume k is perfect and X is a smooth projective
geometrically connected curve of genus g : N. For finitely generated M : ModΛ,

dΛ(M) :=

{
rankΛ M, Λ = Zℓ or Qℓ,

lengthΛ M, Λ = Z/ℓnZ.

Let F : Shc(X, Λ) have lisse pullback L := j∗F , and put r := dΛ(Lu0) for a geometric point u0 of U.
Define the Euler characteristic by

χ(Xksep ,Fksep) :=
2

∑
q=0

(−1)q dΛ
(
Hq(Xksep ,Fksep)

)
.

Then
χ(Xksep ,Fksep) = r(2− 2g−m) + ∑

s∈S(ksep)

(
dΛ(Fs)− Sws(L)

)
,

where Fs is the geometric stalk at s and Sws(L) is the Swan conductor of L at s, defined as follows.
Let Vs be the geometric generic stalk of L on the punctured strict henselian neighbourhood of s in
Xksep , with local inertia group Is. Writing It

s for its upper-numbering ramification groups, set

Sws(L) :=
∫ ∞

0

(
dΛ(Vs)− dΛ(V

It
s

s )
)

dt.

It vanishes when the local inertia action is tame. c.f. [SGA5, Exp. X, §7].
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A.4 Properties of the Six Functors

A.4.1. We use the notation of 3.2.1.

A.4.2 Smooth Purity. If f : X → Y is smooth of pure relative dimension d : N, there is a natural
isomorphism [SGA4III, Exp. XVIII, Theorem 3.2.5]

f ! M ∼= f ∗M(d)[2d]

in M : Db
c (Y, Λ), where (d) is the Tate twist. If X is smooth of pure dimension d over k,

ωX = π!Λ ∼= Λ(d)[2d].

c.f. [Kat96, §2.1.2(6) and §2.2.1].

A.4.3 Poincaré Duality. Suppose f : X → Y is smooth of pure relative dimension d : N. For a lisse
sheaf F : LocSysΛ(X), there is an isomorphism natural in F ,

R f∗(F∨(d))[2d] ∼= RHomΛ(R f!F , ΛY).

This follows from A.4.2 and relative Verdier duality; c.f. [Stacks, Lemma 63.11.5].

A.4.4 Projection Formula. There is a natural isomorphism

R f!(K⊗L
Λ f ∗L) ∼= R f!K⊗L

Λ L.

for K : Db
c (X, Λ) and L : Db

c (Y, Λ); c.f. [Stacks, Lemma 63.10.7, Tag 0GL5]. If L is lisse of finite rank,
there is also a natural isomorphism

R f∗(K⊗L
Λ f ∗L) ∼= R f∗K⊗L

Λ L;

c.f. [Stacks, Lemma 21.50.1, Tag 0944].

A.4.5 Base Change. Consider a Cartesian square:

X′ X

Y′ Y

g′

f ′ f

g

For K : Db
c(X, Λ), there are natural comparison morphisms

g∗R fεK −→ R f ′ε(g′∗K), ε : {!, ∗}.

which are isomorphisms if ε =! OR if ε = ∗ and f is proper or g is smooth; c.f. [Stacks, Theo-
rems 59.91.11 and 59.89.2, and Lemma 63.9.4]. Additionally, if ε =! OR if ε = ∗ and f is smooth and
proper, then Rq fεF is lisse for q : N and F : LocSysΛ(X).
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A.5 Tannakian Formalism

A.5.1. In 1939, Tannaka showed that compact groups can be recovered from their finite-dimensional
unitary representations [Tan39]. Grothendieck later introduced the Tannakian formalism [Mil25,
§1], which provides a general framework for what was discussed in § 2.1 and § 2.2.

A.5.2 Definition. (Neutral Tannakian Category) A neutral tannakian category C over Λ : Field is
a rigid symmetric monoidal abelian Λ-linear category, equipped with an exact faithful Λ-linear
symmetric monoidal functor called the fibre functor

ω : C→ Vectfin
Λ

and is such that the scalar map Λ ∼−→ End(1) is an isomorphism.

A.5.3. Let Λ : Field be one of C, Qℓ, or Fℓ with ℓ ̸= char(k) for k : Field, then the category
LocSysΛ(U) of local systems or lisse sheaves on U : ManC or U : Vark is a neutral tannakian
category. Its fibre functor is

ωu0 : LocSysΛ(U)→ Vectfin
Λ , F 7→ Fu0

at a base point u0 : U or geometric point u0 : Spec(Ω)→ U.

A.5.4 Definition. (Tannakian Group) Let C be a neutral Tannakian category over Λ : Field with
fibre functor ω : C→ Vectfin

Λ , then its Tannakian group is the functor G : AlgΛ → Grp

G(R) = Aut⊗(ωR), ωR(F ) := ω(F )⊗Λ R, F : C

where Aut⊗ denotes the natural automorphisms compatible with tensor products and the tensor
unit. Moreover, the monodromy group of F : C is the functor GF : AlgΛ → Grp

GF (R) = Aut⊗(ωR |⟨F⟩⊗)

where ⟨F⟩⊗ is the strictly full subcategory of C consisting of subquotients of finite direct sums
of tensor products of F and F∨, including the empty tensor product 1. We remark that this
subcategory is also neutral Tannakian over the same field.

A.5.5 Theorem. (Tannakian Reconstruction Theorem) Let C be a neutral Tannakian category over
Λ : Field with fibre functor ω : C→ Vectfin

Λ , then its Tannakian group G : AlgΛ → Grp is representable as
an affine group scheme. Moreover ω induces a Λ-linear symmetric monoidal equivalence of categories

C ≃⊗ Repalg,fin
Λ (G)

where the right hand side is the category of algebraic representations of an affine group scheme.

Proof. c.f. [DM82, Theorem 2.11].

22



References

[SGA4III] Michael Artin, Alexander Grothendieck, and Jean-Louis Verdier, editors. Théorie des topos
et cohomologie étale des schémas. Tome 3 (SGA 4), volume 305 of Lecture Notes in Mathematics.
Springer-Verlag, 1973.

[BBD82] Alexander A. Beilinson, Joseph Bernstein, and Pierre Deligne. Faisceaux pervers. In
Analyse et topologie sur les espaces singuliers (I), volume 100 of Astérisque, pages 5–171. Société
mathématique de France, Paris, 1982.

[BS15] Bhargav Bhatt and Peter Scholze. The pro-étale topology for schemes. Astérisque, (369):99–
201, 2015.

[Cre92] Richard Crew. F-isocrystals and their monodromy groups. Annales scientifiques de l’École
Normale Supérieure, 25(4):429–464, 1992.

[DM82] Pierre Deligne and James S. Milne. Tannakian categories. In Hodge Cycles, Motives, and
Shimura Varieties, volume 900 of Lecture Notes in Mathematics, pages 101–228. Springer-
Verlag, 1982. https://www.jmilne.org/math/xnotes/tc.pdf.

[Fal83] Gerd Faltings. Endlichkeitssätze für abelsche varietäten über zahlkörpern. Inventiones
Mathematicae, 73(3):349–366, 1983. Erratum: Inventiones Mathematicae 75 (1984), p. 381.

[SGA5] Alexander Grothendieck. Cohomologie ℓ-adique et fonctions L: Séminaire de Géométrie Al-
gébrique du Bois-Marie 1965–1966 (SGA 5), volume 589 of Lecture Notes in Mathematics.
Springer-Verlag, 1977. Edited by Luc Illusie.

[HTT08] Ryoshi Hotta, Kiyoshi Takeuchi, and Toshiyuki Tanisaki. D-Modules, Perverse Sheaves, and
Representation Theory, volume 236 of Progress in Mathematics. Birkhäuser, 2008.

[Kat88] Nicholas M. Katz. Gauss Sums, Kloosterman Sums, and Monodromy Groups, volume 116 of
Annals of Mathematics Studies. Princeton University Press, 1988.

[Kat96] Nicholas M. Katz. Rigid Local Systems, volume 139 of Annals of Mathematics Studies.
Princeton University Press, 1996.

[Mac90] Robert MacPherson. Intersection homology and perverse sheaves. Unpublished lecture
notes, 1990. https://www.math.ru.nl/~bmoonen/Seminars/IntersectionHomology.
pdf.

[Mil13] James S. Milne. Lectures on étale cohomology. Lecture notes, version 2.21, 2013. https:
//www.jmilne.org/math/CourseNotes/LEC.pdf.

[Mil25] James S. Milne. Tannakian categories: origins and summary. arXiv:2502.10945, 2025.
https://arxiv.org/abs/2502.10945.

[Mor78] Shigefumi Mori. On Tate conjecture concerning endomorphisms of abelian varieties.
In Proceedings of the International Symposium on Algebraic Geometry (Kyoto, 1977), pages
219–230, Tokyo, 1978. Kinokuniya Book Store.

[Sch11] Pierre Schapira. Algebra and topology. Lecture notes, course at Paris VI University,
2007–2008, version 2, 2011. https://www.math.univ-paris13.fr/~ginot/AT/Schapira_
Notes_AlTo.pdf.

23

https://www.jmilne.org/math/xnotes/tc.pdf
https://www.math.ru.nl/~bmoonen/Seminars/IntersectionHomology.pdf
https://www.math.ru.nl/~bmoonen/Seminars/IntersectionHomology.pdf
https://www.jmilne.org/math/CourseNotes/LEC.pdf
https://www.jmilne.org/math/CourseNotes/LEC.pdf
https://arxiv.org/abs/2502.10945
https://www.math.univ-paris13.fr/~ginot/AT/Schapira_Notes_AlTo.pdf
https://www.math.univ-paris13.fr/~ginot/AT/Schapira_Notes_AlTo.pdf


[Ser92] Jean-Pierre Serre. Lie Algebras and Lie Groups: 1964 Lectures Given at Harvard University,
volume 1500 of Lecture Notes in Mathematics. Springer-Verlag, second edition, 1992.

[Sil09] Joseph H. Silverman. The Arithmetic of Elliptic Curves, volume 106 of Graduate Texts in
Mathematics. Springer, New York, 2 edition, 2009.

[ST68] Jean-Pierre Serre and John Tate. Good reduction of abelian varieties. Annals of Mathematics,
88(3):492–517, 1968.

[Stacks] The Stacks project authors. The Stacks Project. https://stacks.math.columbia.edu,
2026.

[Tan39] Tadao Tannaka. Über den Dualitätssatz der nichtkommutativen topologischen Gruppen.
Tôhoku Mathematical Journal, First Series, 45:1–12, 1939.

[Tat66] John Tate. Endomorphisms of abelian varieties over finite fields. Inventiones Mathematicae,
2(2):134–144, 1966.

[Voi02] Claire Voisin. Hodge Theory and Complex Algebraic Geometry I, volume 76 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, 2002. Translated by Leila
Schneps.

[Zar76] Yuri G. Zarhin. Abelian varieties in characteristic p. Mathematical Notes, 19(3):240–244,
1976.

24

https://stacks.math.columbia.edu

	Introduction
	Notations
	Acknowledgements
	Motivations

	Local Systems
	Complex Local Systems
	l-adic Local Systems: Lisse Sheaves

	Perverse Sheaves
	Constructible Sheaves
	l-adic Six-Functor Formalism
	Middle Extension and Middle Convolution

	Monodromy in Arithmetic
	Open Image Theorems in Arithmetic
	Middle Convolution with Kummer Sheaves
	Big Monodromy of Hyperelliptic Curves

	Appendix
	l-adic Corrections
	Grothendieck's Galois Theory
	Euler Characteristics of Curves
	Properties of the Six Functors
	Tannakian Formalism

	References

